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the effect from the hub base surface is insignificant, and thus only
the cylindrical surface and tip base surface are considered herein.
Because a retarded time formulation is used [Eq. (1)], the tip base
surface must be inside the sonic cylinder.

Figure 2 shows the computed in-plane far-field pressure for M =
0.85 for HSI hover noise for the one-seventh scale model of the
UH-1H two-bladed rotor. The rotor has a NACA 0012 airfoil with
a radius of 1.045 m with a chord of 7.62 cm. The figure shows
results from Ref. 12, i.e., straight CFD results from the transonic
unsteady rotor Navier-Stokes (TURNS) code13 with no Kirchhoff
extensions, and experimental results.14 The observer is at a distance
of 3.09 rotor radii in the rotation plane. The results from the GKA
code are also shown. Very good agreement was found, although
GKA uses as input CFD results from the less accurate full potential
FPR code. Several other tip Mach numbers were studied, as well as
BVI noise; details are shown in Refs. 5 and 6.

Concluding Remarks
A new versatile Kirchhoff code was developed based on the ac-

cumulation of signals on an observer's position avoiding surface
integration at the retarded time. The final overall observer acoustic
signal is found from the summation of the acoustic signal radiated
from each source element of the Kirchhoff surface during the same
source time. A standard input format is used for all aeroacoustics
problems. No detailed grid topology is needed as input for the Kirch-
hoff subroutine. Thus the code can be used with any finite difference,
finite element, or finite volume CFD code with structured or unstruc-
tured grid. The computation can be easily split into several subsets of
source elements, which allows memory segmentation and provides
natural parallelization with no communication cost except for the
final summation. The code was validated using a point source. Very
good agreement with experiments was found for rotor HSI and BVI
noise prediction using CFD input from the full potential FPR code.
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Introduction

D ISPERSION of liquid drops in spray combustion systems is a
critical parameter for high combustion efficiency. In modern

lean-premixed-prevaporized (LPP) low NO* combustors, the design
of premixers to achieve complete drop evaporation and fuel-air mix-
ing prior to combustion is crucial to the success of such systems.
Drop dispersion determines the residence time of the drop in the
premixer, prescribes local boundary conditions for drop heat and
mass transfer processes, and enhances interface area and fuel vapor
concentration gradients to promote faster evaporation and molecu-
lar mixing. Thus, the performance of premixers in LPP combustion
systems seems to be dispersion limited.

Most dispersion calculations involve separated flow trajectory
models,1 which require the simulation of a large number of particle
trajectories to obtain statistically significant results and to reduce
shot noise. Even with a large number of computational parcels,
events with lower probability may not be adequately represented.
These events can be important in LPP combustion systems that de-
pend on burning everywhere at overall lean conditions. For example,
excursions in the equivalence ratio due to the presence of a relatively
small number of large drops can lead to large variations in global
NO* emissions. These events, though rare, are responsible for al-
most all of the NO formation. In this Note, a discrete probability
density (DPF) method is applied to drop dispersion calculations to
provide accurate simulations with reduced statistical noise and to
simulate the occurrence of rare events.

Theoretical Methods
Particle Motion

The simplified equation for particle motion neglecting forces due
to pressure gradients, virtual mass, and the Basset effect is linearized
as follows2:

(ug +gr)[l - exp(-Af/r)] (1)

- exp(-Af/r)] + (ug + gr)

x{Ar-r[l-exp(-A//r)]} (2)

where T is the particle relaxation time related to the Stokes number.2
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Gas-Phase Turbulence
The stochastic (Monte Carlo) calculations typically follow the

procedure of Gosman and loannides.3 The particle motion is gov-
erned by its interaction with a succession of eddies in the flow.
Depending on the relative velocity between the particle and the
gas phase, the particle either could remain in the eddy during the
entire eddy lifetime te or could traverse the eddy in a transit time ttJ
which is less than the eddy lifetime. Although statistical models that
incorporate Lagrangian velocity correlations for simulation of the
gas-phase turbulence4 are fundamentally correct, predictions based
on the eddy lifetime/transit time postulates provide a satisfactory
description of the gas phase turbulence.5

Statistical Methods (Monte Carlo and DPF)
In Monte Carlo simulations, velocity fluctuations in an eddy are

determined by random sampling of the cumulative probability distri-
bution function (CDF) of the velocity. The information concerning
the probability of each realization is carried implicitly in the calcu-
lations. The DPF and Monte Carlo approaches differ in the way that
the information concerning probability is stored.6 The DPF method
does not require a random number generator and the probability of
a realization is carried explicitly in the calculations. The basic for-
mulation of the method has been provided by Sivathanu and Gore,6
and only a few details are presented here. The DPF of a variable 0
is defined as

(3)

where N is the number of nodes in the discretization of the probabil-
ity density function (PDF), 0,- is a discrete value of 0 representing all
possible values in the interval A0, and P^ is the probability of occur-
rence in the interval A</>. The DPF satisfies the following properties:

and (4)

where 0 is the mean value of 0. If a variable Z = /(X, 7) is a
function of two independent variables X and Y such that the DPFs
of X and 7 are defined as

(5)

then the DPF of Z can be obtained by distributing the U V values
of Z into W bins selected to provide adequate resolution for Z. The
DPF of Z is defined as

PZw is given by
U V

— 8(ZW) / / PxuPyv
u=l

and 8(ZW) is an indicator function given as

8(ZW) = 1 if Zu;_Au,/2 < f(X, Y)

8(ZW) = 0 otherwise

(6)

(7)

(8)

The probability for correlated variables can be calculated approp-
riately.6

In the dispersion calculations, the particle motion is tracked
for all combinations of the streamwise and cross-stream veloc-
ity. In the current DPF simulations, M x grid points and N y grid
points are chosen for discretization of the two-dimensional flowfield
(N > M). Information about the PDFs of the gas-phase velocity
components u and v is assumed to be available throughout the flow-
field. The PDFs are discretized to obtain the DPFs of the streamwise
velocity as follows:

= (ui\ Pmnui)i

where 7 is the number of bins for u. Similarly, the DPF of the drop
diameter D and the drop mean velocity (up , vp) and rms correspond-
ing to D are known at x (1) (initial station) for the N y grid points. A
total oflxJxKxPxQ parcels representing all possible combina-
tions of initial diameter, gas-phase, and drop velocities, respectively,
are started from the initial axial location for all of the (cross-stream)
y locations, where 7, J, K, P, and Q are the discretizations of the
M, t>, D, up, and vp DPFs, respectively. The probability of occur-
rence of each parcel is given by Pui x Pvj x PDk x PUpp x PVpq. The
equations of motion are solved to determine the particle position
(xp> Jp) and tne particle velocity (up, vp) at the next downstream
location. The probability of the solution is equal to the product of
the probabilities, as shown earlier [Eq. (7)], and the DPF of particle
velocity and diameter at the downstream location (x2, y,), where yt
is the y grid point, is found from

N I J K P Q

/ J / ^ / J / ^ / J / ^ <
„ = ! /=! j = l *=1 p=\q=\

lv)lf t Plnui P\nvj P\nupp P\nvpq P\nDk

(10)
where As is either up,vp, or D and <5(A>y) and wt are weighting
functions depending on the values of particle velocity and diameter
to account for the particles not being exactly at the nodes of the
velocity and diameter bins. These can be found from the relations

8(A,) = 0 for A, _ i > Aij(k/p/q} and As +1 < Aij(k/p/q)

if A y _ i <

(U)

if

and

wt = 0 for yp(j and

if

if

(12)

(9)

The Lagrangian calculations are then started from x2 and marched
downstream to the desired location. The number of computations
required depends on the discretization of the DPFs of the variables.

Results
The DPF method is applied to the experimental measurements

of Snyder and Lumley7 as a baseline test case. Calculations based
on both the Monte Carlo and the DPF approaches are performed.
The Monte Carlo simulations follow the methodology of Litchford
and Jeng,2 and simulations of particle dispersion for hollow glass
(pp = 250kg/m3 and dp = 50 /zm) and corn (pp = lOOOkg/m3 and
dp = 100/zm) based on 5000 particles, shown in Fig. 1, match the
calculations of Litchford and Jeng.2 The accuracy of the calculation
scheme was verified against the experimental data of Snyder and
Lumley,7 and the results were also in agreement with the computa-
tions of Gosman and loannides3 (reported by Dutta8).

For the DPF calculations, the flowfield is divided into M = 25
x grid points and N = 81 y grid points. Each particle has an axial
velocity of 6.55 m/s and zero radial velocity at the point of injection,
based on experimental constraints. A total o f 7 x 7 x P x < 2 ( = 1 5 4 )
parcels (case 1: / = 15, J = 15, P = 15, and Q = 15), represent-
ing all possible combinations of the DPFs of initial gas-phase and
drop velocities (u, i>, up, and vp), are started from the initial station
for all of the y locations. Even though all of the particles start with
an identical initial velocity, at every downstream location a distri-
bution of particle velocities is obtained. The mean and rms of each
component of the particle velocity at every 3; location is computed at
the second x location. All calculations beyond the second x station
incorporate the velocity distributions for the particles.
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Dispersion calculations based on the measurements of Snyder
and Lumley (1971)

O Hollow glass - Monte Carlo
• Hollow glass - DPF (Case 1)
V Corn - Monte Carlo O
V Com-DPF (Case 1) Q
D Hollow glass - DPF (Case 2) Q
• Corn - DPF (Case 2) <
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Axial distance ( m )
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Fig. 1 Comparison of dispersion calculations using Monte Carlo and
DPF methods.
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Calculations based on the measurements
of Snyder and Lumley (1971)
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Fig. 2 PDFs of particle radial velocity using the DPF method.

The results of the DPF dispersion calculations are shown in
Fig. 1 and have the same accuracy as the Monte Carlo simulations.
The higher number of realizations used in the DPF method makes
it substantially more computationally expensive than the grid-
independent Monte Carlo simulations used for the present disper-
sion calculations. Dispersion results are also shown for / x J x
P x Q = II4 parcels (case 2: / = J = P = Q = 11) in Fig. 1. The
level of discretization of the PDFs using 11 bins is adequate for the
present calculation. The accuracy of calculations for a level of dis-
cretization will depend on the rms fluctuations (width of the PDFs).
The PDFs of particle cross-stream velocities for hollow glass at
downstream locations using the DPF method are shown in Fig. 2
and are well resolved.

Conclusions
A DPF method is applied to particle dispersion calculations in

a turbulent two-phase flow and provides accurate simulations with
low statistical noise. The larger number of computational parcels
makes it more expensive than the present Monte Carlo simulation.
However, the DPF method is capable of providing full field infor-
mation and higher-order moments and correlations for dependent
variables without any increase in computational expense and avoids
the use of random number generators and constant mapping of a

variable to its CDF for sampling. Also, important events that occur
with low probability can be adequately simulated. The possibil-
ity of reducing computational expense by using recursive methods
for nonlinear problems needs to be investigated. The DPF method
(with improvements in computational efficiency) could be applied
in applications where the dispersion/evaporation/mixing processes
are critical and are uncoupled from the combustion process.
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Introduction

STIFFENED composite panels are extensively used in aircraft
and other structural components to satisfy requirements of in-

creased stiffness, reduced weight, and stability. Since the buckling
of stiffened panels does not mean the total failure or collapse of
structure, it has been found to be efficient to permit buckling of
stiffened panels under the collapse load, i.e., postbuckling ultimate
load. Therefore, it is essential to investigate the postbuckling behav-
ior and failure characteristics of stiffened composite panels. How-
ever, it is not straightforward to evaluate postbuckling behavior of
composite structures because of the complexities in predicting their
performance when failure and structural degradation take place.
Most of the previous buckling studies in analysis have focused on
the buckling or initial postbuckling behavior.1"3 The effect of failure
on the postbuckling behavior was considered in a limited number of
papers.4 In most of the previous experimental studies,3'4 the stiffened
panels have been cocured without ply overlap in the junction part
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